One theorem of Nemhauser and Trotter [10] ensures that, under certain conditions, a stable set of a graph G can be enlarged to a maximum stable set of this graph. For example, any stable set consisting of only simplicial vertices is contained in a maximum stable set of G. In this paper we demonstrate that an inverse assertion is true for trees of order greater than one, where, in fact, all the simplicial vertices are pendant. Namely, we show that any maximum stable set of such a tree contains at least one pendant vertex. Moreover, we prove that if T does not own a perfect matching, then a stable set, consisting of at least two pendant vertices, is included in the intersection of all its maximum stable sets. For trees, the above assertion is also a strengthening of one result of Hammer et al., [3] , stating that if G is of order less that 2α(G) (where α(G) is the size of a maximum stable set of G), then the intersection of all its maximum stable sets is non-empty.
Introduction
Throughout this paper G = (V, E) is a simple (i.e., a finite, undirected, loopless and without multiple edges) graph with vertex set V = V (G) and edge set E = E(G). If X ⊂ V , then G[X] is the subgraph of G spanned by X. By G − W we mean the subgraph G[V − W ] , if W ⊂ V (G). We also denote by G − F the partial subgraph of G obtained by deleting the edges of F , for F ⊂ E(G), and we use G − e, if W = {e}. A stable set of maximum size will be referred as to a maximum stable set of G, and the stability number of G, denoted by α(G), is the cardinality of a maximum stable set in G. Let Ω(G) stand for the set {S : S is a maximum stable set of G}, and core(G) = ∩{S : S ∈ Ω(G)}, [8] . A graph G is called α + -stable if α(G + e) = α(G), for any edge e ∈ E(G), where G is the complement of G, [2] . The neighborhood of a vertex v ∈ V is the set N (v) = {w : w ∈ V and vw ∈ E}, while the close neighborhood of v ∈ V is N [v] = N (v) ∪ {v}. For A ⊂ V , we denote N (A) = {v ∈ V − A : N (v) ∩ A = ∅}. If G[N (v)] is a complete subgraph in G, then v is a simplicial vertex of G. In particular, if |N (v)| = 1, then v is a pendant vertex of G. By simp(G) we shall denote the set {v ∈ V (G) : v is simplicial in G}, and pend(G) designates the set {v ∈ V (G) : v is a pendant vertex in G}. Evidently, pend(G) ⊆ simp(G) holds for any graph G. Let K n , P n denote the complete graph on n ≥ 1 vertices and the chordless path on n ≥ 2 vertices.
Clearly, any maximum stable set is also a maximal stable set. Several authors focused on properties of maximal stable sets of a tree (e.g., [9] , [11] and [12] ).
The following theorem concerning maximum stable sets in general graphs, due to Nemhauser and Trotter, shows that for a special subgraph H of a graph G, some maximum stable set of H can be enlarged to a maximum stable set of G.
Using this result, in [10] it is shown that any simplicial vertex of a graph G is contained in some S ∈ Ω(G). Particularly, any pendant vertex of a tree T belongs to at least one maximum stable set of T .
In this paper we show that, for trees (i.e., connected and acyclic graphs), some kind of an inverse theorem is also true. Namely, we demonstrate that any maximum stable set of a tree of order greater than one contains at least one of its pendant vertices, and prove some corollaries of this fact.
These findings are also interesting from other points of view. Firstly, recall that Hammer et al. have proved in [3] that if a graph G has α(G) > |V (G)| /2, then |core(G)| ≥ 1. As a strengthening, it was shown in [7] that if G is a connected bipartite graph with |V (G)| ≥ 2, then |core(G)| = 1. Now, for a tree T with α(T ) > |V (T )| /2, we prove that |pend(T ) ∩ core(T )| ≥ 2, and consequently |core(T )| ≥ 2, which means that there exist at least two pendant vertices of T belonging to its every maximum stable set.
Secondly, it is well-known that a tree T has at least two pendant vertices (e.g., see [1] ). Our results say that if α(T ) > |V (T )| /2, then at least two pendant vertices of T belong to all maximum stable sets of T , and whenever α(T ) = |V (T )| /2 then both parts of the standard bipartition of T contain at least one pendant vertex.
Pendant vertices and maximum stable sets
The following proposition can be deduced from Theorem 1.1 by taking A = {v}, for some v ∈ simp(G). Nevertheless, we are proving it independently for the sake of self-consistency. Proposition 2.1 [10] Any simplicial vertex of a graph G is contained in a maximum stable set of G.
Proof. Let v ∈ simp(G) and S ∈ Ω(G) be such that v / ∈ S. We get that N (v)∩S = ∅, because otherwise S ∪ {v} would be a stable set larger than S ∈ Ω(G). Moreover, |N (v) ∩ S| = |{w}| = 1, since N (v) is a clique in G. Consequently, we obtain that S ∪ {v} − {w} ∈ Ω(G). Proof. Let A be a stable set of G such that A ⊆ simp(G). Let v ∈ A, and S is a maximum stable set containing v (such S exists according to Proposition 2.1). If u ∈ A−S then it is adjacent to some w ∈ S −A, otherwise S ∪{u} is a stable set larger than S, which is impossible because S ∈ Ω(G). Hence, S 1 = S ∪ {u} − {w} ∈ Ω(G), with |A ∩ S| < |A ∩ S 1 |. Therefore, using this exchange procedure, after a finite number of steps, we have to obtain a maximum stable set including A.
The converse of Proposition 2.1 is not generally true. For instance, as it is emphasized in Figure 1 , the maximum stable set consisting of only large vertices does not contain any simplicial vertex of the graph G.
G has a stability system containing no simplicial vertices.
Since a pendant vertex is also simplicial, Proposition 2.1 yields the following result.
Corollary 2.3 Any pendant vertex of a graph is contained in one of its maximum stable sets.
It is possible to make the claim of the above corollary even stronger.
Corollary 2.4 For every graph having no connected component isomorphic to K 2 there exists a maximum stable set containing all its pendant vertices.
Proof. If graph G has no connected component isomorphic to K 2 , then pend(G) is stable. Hence Corollary 2.2 and the fact that every pendant vertex is also simplicial complete the proof.
. If n is odd, then P n has a unique maximum stable set S and clearly pend(
If n is even, let S ∈ Ω(P n ) be such that v 1 / ∈ S. Consequently, S must contain any vertex of even index, and hence v n ∈ S, i.e., S ∩ simp(P n ) = ∅.
Theorem 2.6 If T is a tree, then S ∩ pend(T ) = ∅ holds for any S ∈ Ω(T ).
Proof. If T is a chordless path, the assertion is true, by Proposition 2.5. Assume now that T is not isomorphic to some P n , and suppose, on the contrary, that there is S ∈ Ω(G), such that S ∩ pend(T ) = ∅. Hence, any s ∈ pend(T ) has N (s) ⊂ S. Let z be a vertex in T with deg(z) ≥ 3, and assume that the vertices of S are colored in red and all the others in blue. Let imagine the following translation of colors in T , starting from z and directed to the pendant vertices of T :
• the vertices in N (z) will receive the color of z, and then the color of z is changed;
• if v ∈ N (z), then any w ∈ N (v) − {z} will receive the old color of v;
• if some vertex w is receiving the color of one of its neighbors, say t, then any u ∈ N (w) − {t} will receive the old color of w.
After this color moving, let R stands for {a : a ∈ V (G) and the color of a is red }. Clearly, pend(T ) ⊂ R, because S ∩ pend(T ) = ∅. In addition, R is stable, since the distance between the red vertices was kept. We claim that |R| > |S|, since either z / ∈ S, but now z ∈ R, and |R| = |S| + 1, or z ∈ S, now z / ∈ R, and |R| = |S| + |N (z)|. In any case, we obtain a contradiction, and, therefore, S ∩ pend(T ) = ∅ must hold for any S ∈ Ω(T ). Theorem 2.6 is not generally true for a connected graph G with pend(G) = ∅ (see, for instance, the graph in Figure 1 ). Notice also that it cannot be generalized to a bipartite graph G, Figure 2 ).~~ỹ Proof. In this case both A and B are maximum stable sets, and, therefore, Theorem 2.6 implies the result. Figure 3 shows that the converse of Corollary 2.7 is not generally true.
Since the distance between any two vertices belonging respectively to A and B is odd, we obtain the following form of Corollary 2.7. In [6] it was shown that:
Theorem 3.2 [6] For a connected bipartite graph G with |V (G)| ≥ 2, the following assertions are equivalent: (i) G is α + -stable; (ii ) G has a perfect matching; (iii ) G possesses two maximum stable sets that partition its vertex set; (iv ) |core(G)| = 0.
This statement generalizes the corresponding theorem of Gunther et al., proved for trees in [2] .
Lemma 3.3 If G is a connected bipartite graph, then α(G) ≥ |V (G)| /2.
Proof. If {A, B} is the bipartition of G, then A and B are maximal stable sets in G.
Clearly, Lemma 3.3 is true for trees, as well.
Corollary 3.4 If T is a tree, then α(T ) ≥ |V (T )| /2.
Hammer et al. have proved in [3] that:
For connected bipartite graphs it was shown in [7] that: Theorem 3.6 [7] If G is connected, bipartite and |V (G)| ≥ 2, then |core(G)| = 1.
The next theorem, presented in [8] , emphasizes an interesting property, which characterizes any connected bipartite graph G having α(G) > |V (G)| /2. The following proposition and corollary can be deduced from Theorem 3.7. Trying to give a self-consistent presentation of this paper we are proving them independently. Proof. Suppose, on the contrary, that |core(T )| ≤ 1. According to Theorem 3.1, T is an α + -stable graph. Hence, Theorem 3.2 implies that α(T ) = |V (T )| /2, in contradiction with the premise on α(T ).
Conversely, if |core(T )| ≥ 2, then Theorem 3.1 ensures that T is not α + -stable. Combining Theorem 3.2 and Corollary 3.4, we get that α(T ) > |V (T )| /2 is valid.
Corollary 3.9 If T is a tree, then α(T ) = |V (T )| /2 if and only if |core(T )| = 0.
Proof. Let {A, B} be the bipartition of T . It follows that
and this implies |A| = |B| = |V (T )| /2. Hence A, B ∈ Ω(T ), and consequently we obtain that core(T ) = ∅.
The converse is true according to Theorem 3.2.
Let G i = (V i , E i ), i = 1, 2, be two graphs with V 1 ∩ V 2 = ∅, and Q 1 , Q 2 be cliques of the same size in G 1 , G 2 , respectively. The clique bonding of the graphs G 1 , G 2 is the graph G = G 1 * Q * G 2 obtained by identifying Q 1 and Q 2 into a single clique Q, [1] . In other words, G is defined by
Proof. Let S ∈ Ω(T ). Then S ∩ V (T i ) is stable in T i , and, therefore, it follows that |S ∩ V (T i )| ≤ α(T i ), for each i = 1, 2. Hence, we get that
Case 3 . There are S i ∈ Ω(T i ) such that v ∈ S 1 , and v / ∈ S 2 . Hence, (S 1 −{v})∪S 2 is stable in T and |(S 1 − {v}) ∪ S 2 | = α(T 1 ) + α(T 2 ) − 1 ≥ α(T ), and this assures that
Consequently, we may conclude that α(T ) = α(T 1 ) + α(T 2 ) − 1.
and this contradicts the choice S ∈ Ω(T ). Proof. According to Lemma 3.10, we have that α(T ) = α(T 1 ) + α(T 2 ) − 1, and Proposition 3.11 ensures that v ∈ core(T i ), i = 1, 2.
Let w ∈ (core(T ) − {v}) ∩ V (T 1 ) and S i ∈ Ω(T i ), i = 1, 2. Then S 1 ∪ S 2 ∈ Ω(T ), and, therefore, w ∈ S 1 . Since S 1 was arbitrary from Ω(T 1 ), we get that
Conversely, let w ∈ core(T 1 ) − {v}, and suppose there is S ∈ Ω(T ), such that w / ∈ S. Let us denote S i = S ∩ V (T i ), for i = 1, 2. Since w / ∈ S 1 , it follows that |S 1 − {v}| ≤ α(T 1 ) − 2. Hence, we get a contradiction:
Consequently, core(T 1 ) ∪ core(T 2 ) ⊆ core(T ) is also valid, and this completes the proof.
In the following statement we are strengthening Theorem 2.6. Proof. Since T is a tree with |V (T )| ≥ 2, it follows |pend(T )| ≥ 2, and according to Proposition 3.8, |core(T )| ≥ 2. We use induction on n = |V |. The result is true for n = 3. Let T = (V, E) be a tree with n = |V | > 3, and suppose that the assertion is valid for any tree with fewer vertices. If core(T ) = pend(T ), the result is clear. If core(T ) = pend(T ), let v ∈ core(T ) − pend(T ) and T 1 , T 2 be two trees such that T = T 1 * v * T 2 . A bipartition of N (v) gives rise to a corresponding division of T into T 1 and T 2 . According to Proposition 3.11, v ∈ core(T i ), i = 1, 2, and hence Proposition 3.8 implies that α(T i ) > |V (T i )| /2, i = 1, 2. By the induction hypothesis, each T i has at least two pendant vertices in core(T i ). Lemma 3.12 ensures that core(T ) = core(T 1 ) ∪ core(T 2 ), and, therefore, T itself has at least two pendant vertices in core(T ).
Corollary 3.14 Let T be a tree with α(T ) > |V (T )| /2, and k ≥ 2. If there exists a vertex v ∈ core(T ) of degree greater or equal to 2k, then |core(T ) ∩ pend(T )| ≥ 2k.
Proof. Let partition N (v) into k subsets N i (v), 1 ≤ i ≤ k, each one having at least two vertices. Then we can write T as
where T i is the subtree of T containing N i (v) as neighborhood of v. Hence, by Lemma 3.12, it follows
According to Proposition 3.11, v ∈ core(T i ), 1 ≤ i ≤ k, and, therefore, Theorem 3.13 implies that: |core(T ) ∩ pend(T )| = |core(T 1 ) ∩ pend(T 1 )| + ... + |core(T k ) ∩ pend(T k )| ≥ 2k, and this completes the proof.
Remark 1 For every natural number k there exists a tree T with a vertex v of degree k such that v ∈ core(T ). For instance, such a tree T = (V, E) can be defined as follows: V = {v} ∪ {x i : 1 ≤ i ≤ 2k} and E = {vx i : 1 ≤ i ≤ k} ∪ {x i x i+k : 1 ≤ i ≤ k}.
Combining theorems 3.2, 3.13 and Proposition 3.8, we obtain: 
Conclusions
In this paper we have studied relationships between pendant vertices and maximum stable sets of a tree. From one point of view we found, as it was promised in introduction, some sort of an inverse statement to Theorem 1.1 due to Nemhauser and Trotter.
On the other hand, we have obtained a more precise version of the well-known observation of Berge, [1] , stating that |pend(T )| ≥ 2 holds for any tree T having at least two vertices. Namely, we have proved that for such a tree T either (i) it has a perfect matching and then both A ∩ pend(T ) = ∅ and B ∩ pend(T ) = ∅, where {A, B} is its bipartition, or (ii ) it has not a perfect matching and then at least two of its pendant vertices belong to all its maximum stable sets.
